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Overview 

•  Inference problem  
Estimating origin-destination flows form aggregate traffic 

•  Technical challenges 
A sequence of ill-posed linear inverse problems 
Extremely constrained estimands space 

•  In detail 
Deconvolution of mixing time series 
Distributions on polytopes and sampling strategies 
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Statistical issues in network analysis 

•  Representation and compressed sensing 
How to smoothly represent the space of all graph structures? 
Motifs, metrics, spectral, …, semi-parametric 

•  Population models 
Sample size? Notions of variability? (See survey paper) 

•  Diffusion of information on a network 
How to infer who talks to whom from aggregate traffic? 
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Statistical issues in network analysis 

•  Goodness-of-fit, CIs, tests, selection 
How to establish confidence sets for network structure? 

•  Causal inference with interference 
How to separate peer-influence effects from homophily? 

•  Diffusion of information on a network 
How to combine local cascades to reveal global structure? 
How to infer who talks to whom from aggregate traffic? 
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Agenda 

•  The inference problem and its relevance 

•  Deconvolution of mixing time series on a graph 

•  Sampling extremely constrained estimands 

•  Empirical results 

•  Concluding remarks 



Inferring origin-destination flows 

A large ISP network has 100s of nodes, 1000s of 
links, 10000s routes, and over 1 petabyte traffic/day 
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1.  Reliability analysis: 
predict loads | failures 

2.  Traffic engineering: 
minimize congestion 

3.  Capacity planning: 
forecast requirements 
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Mathematical formulation 

Given a collection of link loads Y(m×t) and the routing 
matrix A(m×n), find non-observable OD traffic flows, 
X(n×t), such that Y=A⋅X, where n >m. 
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Broader context and approaches 

•  Other popular problems can be formulated as ill-
posed linear systems with a TUM matrix A 
1.  Sampling multi-way contingency tables given margins 
2.  Sampling networks with given degree sequence 

•  Two main approaches 
1.  Algebraic geometric methods: Diaconis, Sturmfels, 

Fienberg, Dobra, Sullivant, … 
2.  Sequential MCMC: Chen, Liu, Diaconis, Holmes; 

Importance sampling: Blitzstein, Diaconis, … 
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Traffic matrix estimation literature 

Model Time 
Dependence 

Online 
Estimation 

Skewed 
Marginals 

Local Likelihood No No No Cao et al. (2000) 

Augmented Gaussian SSM Yes Yes No This work 

Inverse Allocation (static) No No Yes Tebaldi & West (1998) 

Inverse Allocation (dynamic) Yes Yes Yes This work 

Recover order N2 OD flows from order N sums.  
Classical statistical problem: Vanderbei & Iannone, 1994; Vardi, 1996; 
Tebaldi & West, 1998; Cao et al., 2000; Zhang et al., 2003; Airoldi & 
Faloutsos, 2004, Michailidis et al., 2006, 2007; Liang & Yu, 2008; …  
We extend existing models by (1) introducing explicit time dependence; 
(2) modeling the dynamic as a multiplicative process; and (3) positing 
non-Gaussian marginals for the OD flows. 
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Agenda 

•  The inference problem and its estimands 

•  Deconvolution of mixing time series on a graph 

•  Sampling extremely constrained estimands 

•  Empirical results 

•  Concluding remarks 
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An illustration of three 
hierarchical models 

A model with no explicit time dependence (left, factor analysis); 
a model that introduces an explicit dynamical behavior (center, 
augmented linear Gaussian state-space model); a model where 
the explicit time dependence is moved one layer up in the 
hierarchy, thus allowing for the OD flows to be more variable 
(right, inverse allocation models). 
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Modeling sparse, bursty time series 

Two modeling strategies with two latent processes 
{λt : t >0} and {xt : t >0}  
1.  Assume λt smooth, xt|λt independent bursts 

Captures spikes but not sparsity, intractable inference 

2.  Assume λt bursty, xt|λt error with point mass at 0 
Captures spikes and sparsity, tractable inference 
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Qualitative model checking 
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Inference: Issues and solutions 

•  Use SIRM filter. Looses efficiency quickly as the 
dimensionality of the solution space (n-m) grows 
Intuitively: key quantity is the ratio between the volumes 
of the solution space and the support of the proposal in Rn 

•  Develop a 2-stage estimation strategy to increase 
efficiency of the SIRM filter 
Use E[xt|y1:t] from a Gaussian SSM to calibrate prior for λt 

Not EB; in the spirit of EB as in Clogg et al. (JASA ’91) 
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Agenda 

•  The inference problem and its estimands 

•  Deconvolution of mixing time series on a graph 

•  Sampling extremely constrained estimands 

•  Empirical results 

•  Concluding remarks 



Geometry of ill-posed inverse problems 

Consider Y(m×1) = A(m×n) X(n×1) 

Given Y,A we need to find X 

•  Rewrite A = [A1|A2] with r(A1) = m, and x = [x1|x2] 

•  The posterior is  p(x | y,λ) ∝ p(x1 | y,λ)⋅ Iy – A  x  (x1) 

•  Part of the estimand is  x1 = A1
-1( y – A2 x2 ) 

Solutions x2 lie in the intersection of a linear space of 
dim. n-m with the positive orthant: a convex polytope 
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Implications for inference 

•  Suppose we have a predictive distribution 
that is quasi-concave (uni-modal): all super-level 
sets are convex, so the set of modes is convex 

•  Then the posterior update 

preserves quasi-concavity (uni-modality).  

The posterior remains uni-modal despite reported 
multi-modality: disconnected modes are not possible 
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New idea: Polytope samplers 

Strategy 
1.  Leverage HNF to find first vertex 
2.  Greedily move along the edges to find all 

vertices (via HNF pivoting) 
3.  Place a distribution on the polytope; we develop 

three strategies to do this using Dirichlet dist. 

Polytope samplers provide a new exact sampling 
strategy to address ill-posed inverse problems 
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Hermite normal form 

•  Hermite Normal Form of integer matrix A:  B=AQ 

•  Columns of Q2 generates null-space  
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Almost finding the first vertex 

Start from y = Ax, with A of size mxn 
Define x’ = Q-1x 
Then rewrite y = AQQ-1x = AQx’ 
Notice that AQ = [Im | 0 ]   
So x’ = [y | 0] is a solution! 

Caveats apply, but it turns out this is a good start 
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Distributions on a polytope 

1.  Lift the polytope into a higher dimensional 
simplex, posit a Dirichlet, project back 

2.  Triangulate the convex polytope into simplices, 
posit a collection of Dirichlet’s weighted by their 
volumes 

3.  Direct generalization of Dirichlet that leverages 
moment map and projective geometry 
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Illustrative example 

Matrix A is 9x12 and leads to a 3D solution space 
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Two case studies 

•  Bell Labs: 7 link loads, 16 origin-destination flows 
•  CMU: 26 link loads, 144 origin-destinations flows 

24 



Empirical evaluation 
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Two simulation studies 

1.  Simulated data for range of network sizes from 
our model, then evaluated effect of regularization 
strategy on results 

2.  Built simulated networks from real CMU traffic 
data and compared methods’ overall performance 
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Results – regularization strategy 
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Results – relative performance 
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Concluding remarks 

•  Deconvolution of mixing time series on a network 

•  A sequence of ill-posed inverse problems: project 
low-dim. data to hi-dim./constr. parameter space 

•  Polytope samplers provide a new strategy to 
address the hardness of the inference problem 
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BACK UP 
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Naïve inference strategy 
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Extremely constrained solution space 
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