
Dynamic Networks
with Multi-scale Temporal Structure

Eric D. Kolaczyk

Dept of Mathematics and Statistics, Boston University

Joint work with Xinyu Kang & Apratim Ganguly

Supported in part by AFOSR / NIH.

ENSAE, April 2018



Motivation and Background

At 10K Feet . . .

Two simple observations:

1 The automated, simultaneous monitoring of each unit in a large
complex system has become commonplace.

2 Frequently the resulting data are a high-dimensional multivariate time
series.

Implication: The combination of

. systems and

. time series

perspectives suggests the use of dynamic network modeling, a highly
active frontier in the field of network analysis.
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Motivation and Background

Illustration: Neuroscience

Source: Lucia Vaina, BU/BME
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Motivation and Background

Dynamic Network Topology Inference

In these and similar application contexts, there is a basic paradigm at
work:

Systems-level question of interest;

⇒ Collection of multivariate time series data;

⇒ Construction of network-based representation of system
from data;

⇒ Network-centric answer to systems-level question.

The third step is known as (association) network topology inference.

Focus in this talk is on modeling/inference of
dynamic networks from time series data.
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Motivation and Background

Our Focus

Motivated by our MEG application, we focus on the problem of detecting
dynamic connectivity changes across multiple time scales in a
network-centric representation of a system, based on high-dimensional
multivariate time series observations.

Our approach1 combines

. Granger causal (i.e., VAR) type modeling, with

. partition-based multi-scale modeling

1This talk is based on the following preprint: Kang, X., Ganguly, A., and Kolaczyk, E.D. (2017). Dynamic networks with
multiscale temporal structure. (arXiv:1712.08586).
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Motivation and Background Granger Causal Models

Granger Causal Models

Let Xt be an N-dim vector time series, at time t, with entries
corresponding to units we aim to treat as N nodes v ∈ V in a network.

We will adopt a restricted-VAR(p) model (w/out self driven component),
i.e.,

Xt(u) =
∑

v∈V \{u}

p∑
`=1

Xt−`(v)θ(`)(u, v) + εt(u),

where θ(`)(u, v) collects the influence of the node v on node u at lag `
and εt(u) is independent Gaussian white noise.

Say that X (v) Granger “causes” X (u) if Θ(`)(u, v) 6= 0 for some
` = 1, . . . , p.
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Motivation and Background Granger Causal Models

From Time Series to Network Graphs

In this setting, the notion of ‘network’ is made precise through graphs
defined as a function of the underlying graphical model. That is, through
conditional independence relations, which are coded in one-to-one
correspondence with the non-zero elements of

Θ = (Θ(1), . . . ,Θ(p)) .

Two options:

1 G = (V ,E ) is a directed graph with an edge from v to u iff
||θ(u, v)|| 6= 0, where θ(u, v) = (θ(1)(u, v), . . . , θ(p)(u, v))T .

2 G = (V (p+1),E ) is a directed multi-graph, with an edge from v in
layer ` to u in layer 0 iff θ(`)(u, v) 6= 0 .

We will focus on the first of these options.
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Motivation and Background Granger Causal Models

Time-indexed Directed Graphical Model

Our interest will be in non-stationary multivariate time series, and the
corresponding representations using dynamic networks.

We adopt a changepoint perspective, so that our model class consists of
concatenations of restricted Granger causal VAR(p) models, each with its
own Θ constant2 over a given interval of time.

The result is a time-indexed directed graphical model, from which we
define a dynamic network Gt = (V ,Et) in analogy to the stationary case.

Our goal is to infer

(i) the changepoints distinguishing the stationary intervals, and

(ii) the corresponding edge sets Et .

2Up to rotation.
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Motivation and Background Granger Causal Models

Granger-causal Dynamic Network Modeling

A great deal of work has been done recently in modeling multiple time series
using causal network types of models.

Extending seminal work of Meinshausen and Buhlmann3, a selection of
representative examples include

. Neighborhood-selection under stationarity, using group-lasso principles4

. Network Granger causality with panel data5

. Inference of networks defined through long-run correlation6

. Adaptive selection of (fixed) window size7.

Our work takes these ideas in a multi-scale direction.
3Meinshausen, N. and Buhlmann, P. (2006). High-dimensional graphs and variable selection with lasso. AoS
4Bolstad, A., Van Veen, B. D., & Nowak, R. (2011). Causal network inference via group sparse regularization. IEEE TSP.
5Basu, S., Shojaie A., & Michailidis, G. (2015). Network granger causality with inherent grouping structure. JMLR.
6Barigozzi, M., Brownlees, C. (2013). Nets: network estimation for time series. Available at SSRN.
7Long, CJ., Brown, EN., Triantafyllou, C., Aharon, I., Wald, LL., Solo, V. (2005). Nonstationary noise estimation in

functional MRI. NeuroImage.
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Motivation and Background Multi-scale Modeling

Multi-scale Modeling

Starting in the late 1980’s (building on threads of work going back at least
to the early 1900’s), there was an explosion of development on methods of
multi-scale modeling that were

. mathematically principled;

. computationally efficient; and, often,

. domain/problem-specific.

The quintissential example is that of methods utilizing transformations
with respect to bases of wavelets.
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Motivation and Background Multi-scale Modeling

Wavelets & Recursive Partitioning: A connection

While the development of wavelet-based methods for standard signal and
image analysis applications proceeded apace, the development of
extensions for less-traditional settings like

. non-normal noise, and

. structured data (e.g., manifolds, graphs, etc.)

proved decidedly more challenging8.

Helpful in many contexts was a fundamental result of Donoho9 relating

1 methods of recursive (dyadic) partitioning, and

2 selection of a best-orthonormal basis,

where the basis is selected from a class of (unbalanced) Haar bases.

8But, nevertheless, was/is being thoroughly explored as well!
9Donoho, D.L. (1997). CART and Best-Ortho Basis: A Connection. AoS.
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Motivation and Background Multi-scale Modeling

Our Contribution

We propose

1 a multi-scale Granger-based dynamic network model, and

2 a corresponding method of network topology inference

that captures the dynamics of a system in a manner sensitive to changes at
multiple time scales, while encouraging sparsity of network connectivity.

Key elements of our framework:

. We partition the non-stationary time space into blocks at various
scales, with independent, stationary VAR models indexed by blocks;

. we penalize blocks through a counting penalty;

. we do neighborhood selection within each block, using group lasso.
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Multi-scale Dynamic Causal Networks Methodology

A Cartoon Version

We estimate network topology neighborhood by neighborhood.

WLOG, consider the local neighborhood of node/series u.

τ0 = 0 τ1 = 60 τ2 = 80 τmax = 160

u B

CD

E u B

CD

E u B

CD

E

What we do:

. Changepoint Detection: Estimate the times τ that the changes happened.

. Neighborhood Selection: Given the estimated change points, infer the
neighborhood structure from time 0 to τ̂1 and from time τ̂1 + 1 to τ̂2 and so
on.
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Multi-scale Dynamic Causal Networks Methodology

Parameterization of Changepoints

To capture potential change points, we partition time into candidate
stationary intervals using RDP10.

For appropriate choice of cost function, our problem can be solved in a
dynamic programming fashion, in strict analogy to, e.g., MS-GLMs.

10Extension to RPs straightforward, with increased computational cost.
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Multi-scale Dynamic Causal Networks Methodology

Multiscale dynamic network inference

Given conditionally independent observations X(u)|X(−u),θ, we estimate the
collections

θ ≡ θ(u) ≡ { θ(`)
t (u, v) } ,

where each element θ
(`)
t (u, v) is a real-valued function of t.

We adopt a complexity-penalized estimate of the form

θ̂ ≡ arg min
θ̃∈Γ(N−1)p

− log p
(
X(u)|X(−u), θ̃

)
+ 2

∑
v∈V\{u}

Pen(θ̃(u, v))


Here

. X(u) is the T × 1 time series observed at node u;

. X(−u) is the data for all N − 1 other time series;

. Γ(N−1)p is a space of (N − 1)p-dim, time-varying vectors with piecewise
constant norm;

. Pen(θ̃(u, v)) is the penalty imposed for node v .
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Multi-scale Dynamic Causal Networks Methodology

Penalty term

For recursive dyadic partitioning (RDP), we adopt the penalty

PenRDP(θ̃(u, v)) =
1

2
#{P(θ̃)} logT + λ

∑
I∈P(θ̃)

‖θ̃I (u, v)‖2

For recursive partitioning (RP), we have 3/2 instead of 1/2.
Here

. P(θ̃) =
⋃
v

⋃̀
P(θ̃

(`)
(u, v)) is the union of all pair-wise partitions

P(θ̃
(`)

(u, v)) at all lags;

. a counting penalty controls the number of partitions;

. a group lasso type of penalty controls the sparsity of edges.
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Properties

Properties: Summary

We look at properties from three perspectives:

1 Ability to detect a single changepoint;

2 Quality of neighborhood selection; and

3 Statistical risk.
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Properties Ability to Detect a Changepoint

Consistency of Splitting

Suppose there is at most a single changepoint at some τ . Consider just
the local test of

H0 : P = [1,T ] vs H1 : P = [1, τ ] ∪ (τ,T ] ,

using group-lasso-penalized least squares.

Theorem

Suppose N = O(T γ), for γ < 1/2, and λ varies such that λ→ 0, λN → 0
and λT 1/2 →∞, as T →∞. Then, under appropriate regularity
conditions, we have that

PH0 (Decide P = [1,T ]) −→ 1 (1)

PH1 (|τ̂ − τ | > ε) −→ 0, ∀ε > 0 . (2)

Proof in the spirit of Bolstad, A., Van Veen, B. D., & Nowak, R. (2011); Basu, S., Shojaie A., & Michailidis, G. (2015).
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Properties Quality of Neighborhood Selection

Finite Sample Control of Type I Error Within Blocks

Theorem

Suppose that X(u) is stationary on [1,T ], with the θ
(`)
t (u, v) of bounded

variation in t, and that the penalty parameter λ(α) is chosen such that

λ(α) = 2σ̂(u)

√
pQ

(
1− α

N(N − 1)

)
,

where σ̂(u)2 =
‖X(u)‖2

2
T and Q(·) is the quantile function of χ2(p).

Then, under the same conditions of the previous theorem,

P(∃ u ∈ V : Ĉλu * Cu) ≤ α.

Here Cu is the connected component in G to which u belongs, and Ĉλu ,
its estimate.
Proof in the spirit of result of Meinshausen & Buhlmann (2006).
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Properties Model Selection

A Risk Bound

Theorem

Let L(θ̂,θ) denote Hellinger loss, and R(θ̂,θ) = 1
T EX(u)|X(−u)

[
L(θ̂,θ)

]
.

Let Λmax be the largest eigenvalue of X(−u)′X(−u)/T .
Then under the conditions of the previous theorems,

R(θ̂RDP ,θ) ≤ O

((
Λmax log4 T

T

)1/3
)

.

Proof in the spirit of Kolaczyk & Nowak (2004).
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Numerical Results

Numerical Results: Summary

We have two types of numerical results11:

1 A modest simulation study, illustrating effect of choice of T and N on
accuracy of changepoint detection; and

2 an analysis of MEG data from a visual experiment.

11Code available from https://github.com/KolaczykResearch/MS-Dyn-Networks-Code
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Numerical Results Simulation Study

Simulation Design

We designed a simple simulation study with N = 3 nodes, p = 2 lags, and
T = 1024 time points, using α = 0.05 during estimation, under three
scenarios:

. Model A: VAR(2) process with no change point;

. Model B: piecewise stationary VAR(2) process with 2 change points;
and

. Model C: one change point, close to the boundary.

We evaluate accuracy in both change point detection and neighborhood
discovery.
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Numerical Results Simulation Study

Simulation Results

RDP RP

Model Model A Model B Model C Model A Model B Model C

# change point

0 100 0 100 100 0 89

1 0 28 0 0 0 11

2 0 72 0 0 100 0

# exact detection

0 100 0 100 100 0 89

1 0 28 0 0 11 11

2 0 72 0 0 89 0

# false edge detection

0 100 97 100 100 94 100

1 0 3 0 0 6 0

2 0 0 0 0 0 0

Table: Simulation results under Model A, Model B and Model C, using RDP and RP.
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Numerical Results Application to MEG data

Illustration: Modeling in Task-based MEG

Task-MEG data12: Brain reaction to visual motion.
We analyzed data from 1 subject, based on 160 trials.

StaticT=1

-500 ms

T=301

0 ms

Motion display

1000 ms

T=901 Response

2000 ms

T=1502

Nbhds of interest:

. Visual processing region (V3a, MT+ and VIP)

. Frontoparietal region (FEF, SPL and DLPFC)

12Data courtesy of Lucia Viana, BU/BME.
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Numerical Results Application to MEG data

Summary of Changepoints Detected
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Numerical Results Application to MEG data

Summary of Edge Strength

Visual Processing Region
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Discussion

Closing Thoughts

Dynamic network analysis is arguably one of the most active frontiers in
‘network science’.

Statisticians have jumped in early (uncharacteristically!) on the problem of
network topology inference.

Neuroscience and economics/finance has a great deal of interest and
activity in this topic.
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