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Overview

The problem of community detection is to partition a network into clusters of nodes (communities)

with similar connection patterns. Specific examples include finding like-minded people in a social

network and discovering the hierarchical relationships in organizations from observed behavior.

The contribution of thiswork is to study a broad class of networkmodels inwhich there can be high

variability in the sizes and behaviors of the different communities. Our analysis shows that the per-

formance in thesemodels canbedescribed in termsof amatrixof theeffective signal-to-noise ratios

(SNRs) that provides a geometrical representation of relationships between the communities. This

analysis motivates newmethodology for a variety of state-of-the-art algorithms, including spectral

clustering, belief propagation, and approximate message passing.

Community Detection

A network of n nodes is represented by an adjacency matrix G ∈ {0, 1}n×n with Gij = 1 if there is
an edge between nodes i and j andGij = 0 otherwise.

Observed adjacency matrix
Sorted adjacency matrix

showing communities

Stochastic Block Model (SBM)

The SBM is a probabilistic model for a network with n nodes, each of which belongs to one of k
communities [Holland et.al 2013].

The degree of a node is the number of edges connected to the node. An SBM is degree-balanced

if the expected degree of a node d is independent of its community label.

Parameterization of Degree-Balanced SBM

Community memberships are i.i.d. with probability P = (p1, · · · , pk).
Membership of node i is represented by (k − 1)-dimensional random vectorXi ∈ {µ1, . . . , µk}.
The support is normalized to zeromean and identity covariance:∑

`
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∑
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T
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The conditional probability of edges is given by
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)
, i, j = 1, . . . n (1)

where d is the average degree andR is a symmetric (k − 1× k − 1) matrix.

Eigendecomposition ofR = UΛUT , where Λ = diag(λ1 · · ·λk−1) quantifies variability in
connection behavior as a function of communities.

Multivariate Performance Metric

Performance is assessed in terms of a (k − 1)× (k − 1)matrix that corresponds to theminimum

mean-squared error (MMSE) and quantifies the ability to detect different types of community

relationships:

MMSE(X | G) = 1
n

n∑
i=1

E
[
(Xi − E[Xi | G])(Xi − E[Xi | G])T

]
.

The trace of this matrix provide an averagemeasure of performance that is comparable to

performancemeasures used previous work.

Signal-Plus-Noise Problem

Our analysis involves studying a far simpler signal-plus-noise problem the form

Yi ∼ N (S1/2Xi, Ik−1), i = 1, . . . , n (2)

where S is a (k − 1)× (k − 1) positive semidefinite matrix that is referred to as thematrix SNR

[Reeves et. al. 2018].

The matrixMMSE associated with the signal-plus-noise problem is defined by

MX(S) = 1
n

n∑
i=1

E
[
(Xi − E[Xi | Y ])(Xi − E[Xi | Y ])T

]
.

This function can be accurately approximated usingMonte Carlo integration.

Multivariate I-MMSE Relation

Themultivariate I-MMSE relation [Reeves et. al. 2018] states that theMMSEmatrix can be

expressed the gradient of mutual information:

MMSE(X | G) = 2
n
∇SI(X ; G, Y )

∣∣∣
S=0

. (3)

The key idea in our analysis is that the right-hand side of this identity can be be related to the

gradient of I(X ; Y ) evaluated with an effective SNRmatrix S∗, and hence

MMSE(X | G) ≈MX(S∗).
The challenge is to describe themapping from the SBM parameters (n, d, P, R) to the effective
SNRmatrix S∗ and tomake the equivalence mathematically precise.

Main Theorem

Assume thatR is definite and let S∗ be the global minimizer of

I(X1; Y1) + 1
4

tr
(

(R−R−1S)2
)

.

Then,

MMSE(X | G) �MX(S∗) + on,d(1),
where on,d(1) denotes a symmetric matrix that converges to zero as n, d → ∞. Furthermore,

we conjecture that this inequality is asymptotically tightwhenever there the globalmimimizer is

unique.

Comparison to previous work

Previouswork focusedonfinding the limits for special cases suchas the symmetric SBMs [Deshpande

et. al. 2015] and two-community degree balanced SBMs [Lelarge andMiolane 2017]. In these settings, a

scalar SNR s∗ ≥ 0 is used to characterize the performance of community detection.

Geometry of the SBM
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1.73 2.75

]

Figure 1: The effective SNRmatrix S∗ provides a geometric representation of types of communities structures that

can (and cannot) be recovered. The ellipses correspond to the 95% confidence ellipse for a distribution with

covariance given by S−1. The centers of the ellipses are given by µ1 · · ·µk.

Performance Gap
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Figure 2: Comparison of asymptotic upper bound on tr(MMSE(X | G)) described in main theorem (contour lines) and

the empirical MSE of belief propagation (heat map) for a degree-balanced SBMwith n = 100, 000 nodes and average
degree d = 10. The empirical results are averaged over 20 independent trials. The x and y axes correspond to the first
and second eigenvalues ofR, we setU = I2. In the impossible region of the figures, no algorithm can recover the

communities. If any λi(R) > 1, a polynomial time algorithm can recover the community labels. In the hard region seen

in the figure on the right, an optimal algorithmmight recover the communities. However, a polynomial time algorithm,

like BP cannot recover the communities, leading to a performance gap.

Conclusion

In this work, we provide a multivariate measure of fundamental performance that quantifies the

ability to detect different types of community relationships. Our work bridges and extends recent

developments in statistics and information theory to provide theoretical guarantees (MMSE) for

general SBMs (e.g., asymmetric, mixedmembership).
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