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What is this talk about?

UNSUPERVISED LEARNING

Incidence matrix of features vs. entities

Try to uncover significant block structure?

Attempt a hierarchical decomposition? When to stop?

TYPICAL DATA SETS

Amazon customers versus items purchased in Q1 2019.

GPS-tagged birds versus locations visited in Q1 2019.

Document names versus low frequency words/ phrases in a corpus.

. . .
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What is missing in the unsupervised learning literature . . .

Lots of methods for graph clustering. Various objective functions,

Lots of ways to group term-document matrices into topics.

Various algorithms to detect associated trajectories in waypoint data.

MISSING: Any way to detect that there is no structure in the data.

RESULT: False positives
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What about contingency table analysis?

Statistical dependence and block structure are different

Statistics 101: testing for statistical independence of rows & columns
in a p × q contingency table.

Lack of such statistical independence not the same as existence of
block structure in a large sparse Boolean matrix.

Rethink what block structure means in terms of statistical sampling.
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What mathematical object are we studying?

EQUIVALENT REPRESENTATIONS

Bipartite graph G := (L ∪ R,E ) (or multigraph)
I ordered left vertices L := {u1, . . . , un},
I ordered right vertices R := {v1, . . . , vm},
I |E | = N incidences of form (ui , vj) ∈ L× R, also written ui ∼ vj

Incidence matrix Z := (Zi ,j) ∈ {0, 1}n×m, Zi ,j := 1ui∼vj .

Graph partitioning ↔ matrix decomposition ↔ bi-clustering
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Matrix versus bipartite graph
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Four point test

View as Magic. Rigorous foundations will be given later.

For simplicity,
I left vertices L are negative integers,
I right vertices R are positive integers,
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Four point test: single step of computation

SAMPLE FOUR EDGES AT RANDOM

Say {(−310, 96), (−477, 817), (−621, 141), (−65, 108)} is the sample.

Sort by left vertex:
{(−621, 141), (−477, 817), (−310, 96), (−65, 108)}.
Extract right vertex list: (v1, v2, v3, v4) := (141, 817, 96, 108)

Convert to a Lehmer code (L1, L2, L3, L4), here (2, 2, 0, 0).

Li = #{j > i : vi > vj} ∈ {0, 1, . . . , 4− i}.

(L1, L2, L3)→ 6L1 + 2L2 + L3 + 1 maps to {i : 1 ≤ i ≤ 24}, i.e. index
of permutation in S4.
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Four point test: tie-breaking in case of repeat vertices

ADD NOISE TO EDGE LABELS

Say {(−31, 96), (−47, 17), (−62, 14), (−31, 10)} is the sample.

Add Uniform(−.5, .5) noise to all the integer labels.

{(−31.2, 96.4), (−46.8, 17.1), (−62.3, 14.4), (−30.8, 9.7)}
Tie-break: Lehmer code of (14.4, 17.1, 96.4, 9.7).
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Four point test: aggregate test statistic
Randomly order the N edges, take 4 at a time: bN/4c samples.

SAMPLE REPEATEDLY WITHOUT REPLACEMENT

Accumulate counts X := (X1,X2, . . . ,X24), where Xj counts the
samples which yield permutation j .

Total variation (TV) distance of 4
NX from vector ( 1

24 , · · · ,
1
24):

D4 :=
1

2bN/4c

23∑
i=0

|Xi − θ| ∈ [0, 1]; θ := bN/4c/24.

Can compare T4 to upper tail of the χ2(23) distribution:

T4 :=
23∑
i=0

(Xi − θ)2

θ
.
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Counts of 24 permutation frequencies (1)

When there is no structure, or structure is concealed by ordering.
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Counts of 24 permutation frequencies (2)

When there is conspicuous block structure.
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Examples of 4 point test scores in 800× 1000 matrix

D4 = 0.260476; T4 = 482.766
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How block structure affects permutation frequencies

Say A precedes Ac in L.

Say B precedes Bc in R.

Proportion α of incidences fall
into A× B.

Proportion 1− α fall into
Ac × Bc .
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Two block example

Sample four incidences (u1, v1), (u2, v2), (u3, v3), (u4, v4).

Suppose u1 < u2 < u3 < u4.

Let Y ≤ 4 be # incidences in A× B block.

Y ∼ Binomial(4, α).

4-permutation probabilities - example

If Y = 2, probability 6α2(1− α)2,

(u1, v1), (u2, v2) ∈ A× B; (u3, v3), (u4, v4) ∈ Ac × Bc .

Only possible permutations of (v1, v2, v3, v4) are

{(1, 2, 3, 4), (1, 2, 4, 3), (2, 1, 3, 4), (2, 1, 4, 3)}.
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Relative frequencies of 24 permutations, 2 block model

α = proportion of incidences in A× B

some curves coincide.
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Outline of the rest of the talk

Why four? A glimpse into the Magic

Quasi-random families of permutations, in the spirit of graphons

quasi-random permutations ↔ block-free random bipartite graphs

Case study

Create synthetic random bipartite graphs, with and without block
structure.

Show how vertex ordering affects the four point test.

Natural ordering based on second eigenvector

Power method computations

Amazon Reviews data sets with and without natural ordering
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Combinatorial theory behind four point test

Key References

Daniel Král & Oleg Pikhurko, Quasirandom permutations are
characterized by 4-point densities Geometric & Functional Analysis,
Springer, 2013

. . . builds on work by a graduate student of Fan Chung:

J.N. Cooper. Quasirandom permutations. Journal of Combinatorial
Theory, 2004

. . . conceptually related to the graphon literature.
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What is a quasirandom permutation?

Definitions

Sk consists of permutations on [k] := {1, ..., k}.
For π ∈ Sk and τ ∈ Sm with k ≤ m, t(π, τ) is probability a random
k-point subset X of [m] induces a permutation isomorphic to π.

i.e. τ(xi ) ≤ τ(xj) iff πi ≤ πj where X consists of x1 < . . . < xk .

A sequence {τj} of permutations is said to have Property P(k) if
|τj | → ∞ and t(π, τj) = 1/k! + o(1) for every π ∈ Sk .

P(k + 1) implies P(k); quasirandom means
⋂

k P(k) holds.

Theorem of Král & Pikhurko

P(4) implies P(k), ∀k.
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What P(4) implies P(k)∀k means for bipartite graphs

Crude summary of a subtle argument.

Correspondence between π ∈ SN and bigraph with |E | = N

Break edge (ui , vj) into half edges, labelled ui and vj .

The N left half-edges and N right half-edges can be stitched together
by a permutation π ∈ SN , leaving degree sequences unchanged.

Think of a block-free bipartite graph as result of stitching with a
quasirandom permutation.

If a random 4-edge sample generates equi-probable 4-permutations in
the four point test, call the graph block-free.
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Case Study: 307× 211 incidence matrices, ∼ 3K edges

Left: Bernoulli sampling: parameters vary without block structure

Right: Two-block model, obscured by assigning random indices to
blocks.
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Difference is revealed by graph bi-partitioning

Left: Many edges between yellow and red clusters

Right: Yellow and red clusters are separated.
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Four point test: permutation frequencies in block-free case

Horizontal: 24 elements of the permutation group S4

Vertical: frequencies of Lehmer codes, four point test applied to right
panel (left similar).

test scores: 14.3, 24.2, 22.1 vary, < 35.1, 95-th %-tile of χ2(23).
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Four point test when vertex orders reveal blocks

Horizontal: 24 elements of the permutation group S4

Vertical: frequencies of Lehmer codes, four point test applied to
re-ordered right panel, showing 2-block structure

test scores: 1124, 1138, 1144 vary, deep tail of χ2(23).
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Using spectral graph theory to order the vertices

Rough idea

Random walk on a bipartite graph reveals which vertices are close to
each other.

The second eigenvector of the Laplacian can be used to order both
left and right vertices.

Under this ordering, nearby left (right) vertices in the graph are close
to each other. Maybe reveal block structure?

The power method could allow approximate computation in
O(d max{m, n}) time. where d is graph diameter.
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Technical Aspects

Z has row sums w1, . . . ,wn; column sums d1, . . . , dm. Sum to N.

Diagonal matrices

Ω := Diag(w1, . . . ,wn); Θ := Diag(d1, . . . , dm).

Rescale incidence matrix Z :

M := Ω−1/2ZΘ−1/2.

Left eigenvector
ω := Ω−1/2w ∈ Rn

Compose left multiplication by MMT with projection ⊥ to ω:

ΓL := MMT − ωωT

N
.
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POWER METHOD

Say λ1 ≥ · · · ≥ λr−1 are eigenvalues of ΓL, and ζ ∈ Rn is top eigenvector.

Proposition

y(0) selected uniformly on unit sphere.

Iterate

z(t) = M(MTy(t−1))−
ω · y(t−1)

N
ω; y(t) =

z(t)
‖z(t)‖

.

Define angle ϕt ∈ [0, π/2] by cosϕt = |ζ · y(t)|.
With probability 1, limt→∞ y(t) exists and is equal to ζ or to −ζ.

Provided λ2 < λ1, the convergence occurs at an exponential rate.
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Natural Order for left and right vertices

Construction

Approximate eigenvector ζ by Power Method, and use it to order left
vertices.

Order right vertices using MT ζ.

Use these left and right vertex orderings in the four point test.
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How a matrix looks under natural order
Left: 4000× 3199 incidence matrix. D4 = 0.26.
Right: natural order: D4 = 0.43.
For a fixed matrix generation scheme, scores seem to be scale-free.
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Four point test applied to Amazon Reviews data

Review Set # edges # left # right TV giant TV-NO 4PT N.O.
Dig. Music 0.836M 0.478M 0.266M 0.596 0.703M 0.507 0.484s 7.86s
Android 2.64M 1.32M 61.3K 0.487 2.63M 0.350 1.47s 18.9s
Movies/TV 4.607M 2.089M 0.201M 0.418 4.573M 0.321 2.86s 57.8s
Electronics 7.824M 4.20M 0.476M 0.492 7.73M 0.397 3.44s 76.8s
Books 22.5M 8.03M 2.33M 0.308 22.3M 0.349 14.6s 226s

TV: Total Variation score in original order
giant: # edges in giant component
TV-NO: Total Variation score in natural order
4PT: time for four point test score computation, Java 10
N.O.: time for natural order computation
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Conclusions

Four Point Test: Benefits

Gives a randomized scalar measure of the amount of block structure,
and tests for lack of block structure.

Model-free, parameter-free

Computable in O(|E |/p) time on p processors (less if you sub-sample)

Four Point Test: Drawbacks

Distribution of the score depends on ordering of left and right vertices

Natural ordering is a plausible cheap method of choosing order.

Four Point Test: Future Work

What is the application to non-bipartite directed graphs?
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Four point test in full technical detail

Outside References

R. W. R. Darling, The Four Point Permutation Test for Latent Block
Structure in Incidence Matrices, arXiV:1810.02016

Java Code: QuantifyBipartiteBlockStructure, 2018
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