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Paper & appendix:

Two important problems in graph neural networks (GNNs)
• Heterophily: performance of GNNs degrades in heterophily graphs where 

nodes from different classes tend to connect to each other
• Oversmoothing: performance of GNNs degrades when stacking many layers
Two problems are usually seen as unrelated and are studied independently.
Our goal:
• Proposing a different perspective to analyze the two problems (heterophily & 

oversmoothing) under a unified theoretical framework
• Pointing out the common causes of the two problems
• Proposing two simple strategies to address the common causes

Theoretical Analysis

At a high level, we propose to analyze the linear separability after graph 
convolution as an indicator to the performance of GNNs. 

Preliminaries
Notation. 𝒢(𝒱, ℰ): an unweighted and self-loop-free graph, 𝐀: adjacency matrix,
𝑑!: degree of node 𝑣! ∈ 𝒱, 𝐃: the diagonal degree matrix, 𝑁!: neighbors of 𝑣!, 𝐅": 
node representations at 𝑙-th layer, 𝐟!": representations of node 𝑣! at 𝑙-th layer.
Homophily and Heterophily. The homophily of node 𝑣! is defined as ℎ! = 𝔼(|$!

"|
|$!|
), 

where 𝑁!% is the set of neighboring nodes with the same label as 𝑣!, | 4 | is the 
cardinality operator, and the expectation is taken over the randomness of the 
node labels. High homophily corresponds to low heterophily, and vice versa.

Setup. We consider a binary node classification task. We denote the set of 
nodes in the first and second class as 𝒱& and 𝒱', respectively. When 𝑣! ∈ 𝒱&(𝒱'), 
𝐟!( follows a distribution with mean 𝜇 (−𝜇 ) and variance Σ (Σ).

Linear separability after graph convolution is measured by how the node features 
will change in expectation. If the node feature vectors move towards (away) the 
mean of the opposite class, the graph convolution leads to less (more) linear 
separability, and thus worse (better) performance in the node classification results.

Relation of heterophily and oversmoothing. 
• Heterophily. In heterophily graphs, the decrease in the linear separability is 

severe, causing performance drop even in shallow layers (case 1).
• Oversmoothing. In homophily graphs, high-degree nodes may initially benefit 

(case 3), leading to performance gain in shallow layers. However, the low-
degree nodes eventually reduce the linear separability (case 2).

Linear separability is decided by two factors: 
level of homophily and relative degree w.r.t. its neighbors

Fig 1. An illustration of node representation dynamics during neighborhood aggregation. 
The expectation of the representation from class 1 & 2 are denoted by 𝜇 and −𝜇, 
respectively. The bars show the expected 1D node representations (scalars) of node 𝑣!
before and after the neighborhood aggregation. LS stands for linearly separability.

Proposed strategy 1: degree correction Learned parameters

Signed messages will decouple 
the heterophily and oversmoothing
problems.
Proposed strategy 2:
signed attention

Identity matrix

Proposed strategy 3: decaying aggregation from [1]
Similar to [1], the output from the current graph convolution is 
combined with the output from the last convolution. The combination is 
through a decaying aggregation factor.

III. Case Study: Initial & Developing Stages

Table 1. Real data: mean accuracy ± stdev over different data splits. The “† ” results (GraphSAGE) are 
obtained from [2].

Table 2. Model performance for different layers: mean accuracy ± stdev over different data splits. OOM: 
out of memory, INS: numerical instability.

Table 3. Ablation study: degree correction has consistent benefits (robust to oversmoothing & ability to handle 
heterophily) in different datasets while signed information has more benefits in heterophily datasets. 

Figure 2. Accuracy per (logarithmic) 
degree bin on Citeseer. Initial stage: when 
average !ℎ! ≥ 0.5, the accuracy increases 
as the degree increases. Developing 
stage: when average !ℎ! < 0.5, the 
accuracy of high-degree nodes decreases 
more sharply.


