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By 1980, describing a group as “hyperbolic” was common in

algebraic geometry, but the term was not well-defined.

In 1987 Gromov unified the concept of hyperbolicity by showing an

asymptotic equivalence of:

(A) For any S , the boundary dS is proportional: |S | ≤ c |dS |.
(B) 4-point condition: for any p1, p2, p3, p4:

d(p1, p2)+d(p3, p4) ≤ 2δ+max{d(p1, p3)+d(p2, p4), d(p1, p4)+d(p3, p2)}.

(C) “...looks as a tree when observed from infinity.”
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The Poincaré Disk is a representation of hyperbolicity



4-point condition: for any p1, p2, p3, p4:

d(p1, p2) + d(p3, p4) ≤ 2δ+max{d(p1, p3) + d(p2, p4), d(p1, p4) + d(p3, p2)}

The smallest δ that the above property holds is a clear-cut

measure for being “hyperbolic.”
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d(p1, p2)+d(p3, p4) ≤ 2δ+max{d(p1, p3)+d(p2, p4), d(p1, p4)+d(p3, p2)}.

Computing δ(G ):

O(n3.69)-time algorithm (FIV 2015)

8-factor approximation in O(n2)-time (CCDDMV 2021)

Several fast heuristics (S 2011, CCL 2015, BCCM 2015...)

Code exists in sage



4-point condition: for any p1, p2, p3, p4:

d(p1, p2)+d(p3, p4) ≤ 2δ+max{d(p1, p3)+d(p2, p4), d(p1, p4)+d(p3, p2)}.

Applications of small δ(G ):

O(δ ln(n))-approximating tree (Gromov 1987)

O(δ)-error approximations for diameter, radius, center in

linear time (CDEHV 2008)

Routing labeling scheme with O(δ ln2(n)) bits, O(δ ln(n))

stretch, O(ln(δ))-time (CDEHVX 2012)

Fast p-centers that are at most 3δ from optimal (EKS 2018)

A core of size O(δ) exists (CDV 2017)



4-point condition: for any p1, p2, p3, p4:

d(p1, p2)+d(p3, p4) ≤ 2δ+max{d(p1, p3)+d(p2, p4), d(p1, p4)+d(p3, p2)}.

Small δ(G ) found in real world data sets:

Biological and social networks (ADM 2014)

Power grid, social, computer (BCC 2014)

Web sites, internet grid (AD 2016)

Roads, collaboration, signed networks (KSN 2016)

Natural Language Processing (L 2020)



Goal for this talk:

What if we talk about finite metric spaces instead of graphs?

What if each edge has an associated length parameter in the range

[1,W ]?



4-point condition versus Rips’ condition

A graph is δ̂-slim when every vertex triple a, b, c and x ∈ P(a, b)

there exists a y ∈ P(a, c) ∪ P(c , b) with d(x , y) ≤ δ̂.

In a geodesic space, δ̂ ≤ 3δ.



4-point condition versus Rip’s condition

A graph is δ̂-slim when every vertex triple a, b, c and x ∈ P(a, b)

there exists a y ∈ P(a, c) ∪ P(c , b) with d(x , y) ≤ δ̂.

In the above, δ = 1/2 and δ̂ = W /2.

New bound: δ̂ ≤ 3δ + W /2.



An (α, r)-core is a vertex x such that for α
(n
2

)
pairs a, b there

exists a vertex y ∈ P(a, b) with d(x , y) ≤ r .

In unweighted graphs there is a (12 , 4δ(G ))-core (CDV 2017).



Cores are one of the most important aspects of hyperbolicity:

Embedding into Poincaré Disk (BPK 2010)

Congested traffic (KSN 2016)

Core-periphery models (AD 2016)



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.
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the center of such a core m can be found in O(nm)-time.

The center of the core is the median vertex: the vertex v that

minimizes
∑

u d(v , u).



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.

Let r ′ = 6δ(G ) + 3W /2. Let x ∈ P(m, a) with

r ′ ≤ d(m, x) ≤ r ′ + W .
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Let Sa denote the vertices b where x is close to P(a, b).

We want to show that Sa is large.



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.

If c /∈ Sa, then x is close to P(m, c).



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.

If c /∈ Sa, then x is close to P(m, c), so

d(x , c) ≤ d(m, c)−W /2− 2δ(G ).



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.

If c /∈ Sa, then x is close to P(m, c), so

d(x , c) ≤ d(m, c)−W /2− 2δ(G ), which gives |V \ Sa| ≤ 3n
4 .



Theorem (Y. 2021+)

Every finite metric space has a (14 , 8δ(G ) + 3W )-core. Moreover,

the center of such a core m can be found in O(nm)-time.

Corollary

The core affects every corner of the network:

There exists a vertex m such that for every vertex u, there exists a

set |Su| ≥ n/4 where a shortest path from u to a member of Su

will pass through a ball of radius 8δ(G ) + 3W around m.



A collection of related results:

other forms of negative curvature for graphs,

distance approximating trees,

linking measures of “tree-like” qualities.

available in “Negatively Curved Graphs” at

https://arxiv.org/abs/1512.01281 or email me at

mpyance@super.org

https://arxiv.org/abs/1512.01281


Thank you for you for listening to this presentation.

And a big thank you to the organizers for assembling this

conference!
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